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Abstract 
Because fuel costs have grown to the largest part of airlines’ expenditures and the fluctuation of fuel prices is very high, 
airlines have to cope with growing uncertainty. Fleet assignment highly influences the fuel consumption of an airline. But the 
assignment has to be done under fuel price uncertainty. We present a two-stage stochastic optimization model for re-fleeting 
under fuel price and demand uncertainty. We show that the optimal fleet assignment depends on the fuel price. As a novelty 
this re-fleeting model integrates financial hedging to decrease the solutions’ risk. This integrated approach dominates 
traditional non-integrated planning. 
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1. Introduction 
In the last years, the costs for jet fuel have increased, so that they have become the largest part of airlines’ 
expenditures and are nowadays higher than crew costs that previously were the dominating part. Moreover, fuel 
prices have very high fluctuations, so that it becomes more important for airlines to counteract fuel price 
uncertainty.  
As fleet assignment allocates the different aircraft types to the airlines’ flights, it highly determines the fuel 
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consumption of an airline. Furthermore, the capacity of an aircraft has to fit to the demand. A too large aircraft 
with empty seats wastes fuel, while a too small aircraft cannot serve the demand, so that possible revenue is not 
generated. (Gopalan and Talluri (1998))  
As the fleet assignment has to be done at a time when the final demand is still unknown, we also add demand 
uncertainty to the model. We present a two-stage stochastic program for fleet assignment to better cope with fuel 
price and demand uncertainty. We also integrate financial hedging instruments to enable improvements of the 
solutions’ risk measures. The Conditional Value at Risk (CVaR), as one of the risk measures that fit very well to 
the perception of risk, is integrated. 
2. Problem description 
The planning phase on which this paper focuses on is called fleet assignment. It is usually carried out after the 
airline schedule design phase. An aircraft type for each offered flight is determined. Also, flow conservation and 
the number of available aircraft have to be considered. Flight costs and expected revenue are important data for 
this planning phase. 
The solution of the fleet assignment is used as a basis for the aircraft maintenance routing. In this step the flow 
of every single aircraft through the flight network is planned, so that every flight is covered and maintenance 
constraints are met before the crew scheduling assigns the crews to the flights. (Gopalan and Talluri (1998)) 
The fleet assignment is planned several months before the flight, since crew scheduling depends on the fleet 
assignment and has to be planned 8-10 weeks prior to departure because of union regulations. But crews are 
usually able to fly several aircraft types within one family. Therefore changes within the type-family closer to the 
flight date without affecting the crew schedule are possible, and thus only the type-family for each flight has to 
be fixed before the crew scheduling is planned. (Zhu (2006)) 
This flexibility can be used to counteract uncertainty: More precise information for fuel prices and demand 
can be utilized so that for the final type assignment a specific reaction in each scenario is possible. This approach, 
that first determines the type-family and later the specific type depending on more precise information of the 
uncertain parameters, is called re-fleeting. 
A general overview on airline schedule planning models is given in the paper of Gopalan and Talluri (1998). 
The fleet assignment is one of the planning phases where operations research has often been applied to. An 
overview on fleet assignment models is presented by Sherali et al. (2006). They also review the literature on re-
fleeting approaches. 
The idea of re-fleeting under demand uncertainty was introduced by Berge and Hopperstad (1993). They 
proposed significant cost improvements, if aircraft assignment is done closer to departure using more precise 
demand forecasts. Further approaches for re-fleeting are presented by Jarrah et al. (2000) and Talluri (1996), who 
presents an approach for swapping aircraft. Newer re-fleeting literature are the papers from Sherali et al. (2005) 
and Warburg et al. (2008), including a case study of a European airline, for example. A two-stage stochastic re-
fleeting model is presented by Zhu (2006) and Sherali and Zhu (2008). It considers demand uncertainty, but does 
not integrate fuel price uncertainty and financial hedging instruments. Their models are a basis for the 
development of our optimization model that considers fuel price uncertainty, demand uncertainty and risk 
management with financial hedging. To the best knowledge of the authors, such a model has not been developed 
yet. 
Because of the advantages of an integrated risk management strategy (Triantis (2005)), we integrate financial 
hedging instruments into the optimization model to hedge against jet fuel price uncertainty. This enables 
interactions of financial hedging and operational flexibility. To the best knowledge of the authors, there is no 
such model for re-fleeting that integrates financial hedging instruments and considers fuel price and demand 
uncertainty. As risk measure, we integrate the Conditional Value at Risk. 
To integrate the Conditional Value at Risk, the formulation of Fábián (2008) is used in this work. The 
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Conditional Value at Risk is a risk measure that matches the perception of risk very well. For the Conditional 
Value at Risk we define a certain percentage of the worst scenarios, for example 1%, 5% or 10%. The CVaR is 
the expected value of these scenarios. It is a superior risk measure compared to the widely-used variance, because 
it is single-sided and therefore only considers the “bad” scenarios. Furthermore, it considers the distribution of 
the worst scenarios. It is also known as mean shortfall or mean excess loss. Financial hedging instruments are 
described in the book of Hull (2003). 
Finally, we refer to some literature on basic optimization techniques, we use: Linear optimization models are 
introduced by Chvátal (1983) and mixed integer optimization is described by Wolsey (1998). Two detailed 
introductions to stochastic programming are the books of Kall and Wallace (1994) and Birge and Louveaux 
(1997).  
3. Model 
This section describes our proposed two-stage stochastic program for re-fleeting. Like Zhu (2006) we use a 
time-space network as underlying network structure for our model. Time-space networks are not introduced in 
this paper, see Zhu (2006) for a description.  
For our calculations, we use the flight network and the fleet data of a large European airline. The fuel price 
and demand scenarios are considered in a scenarioset and combined with each other, such that the total number of 
scenarios is the number of fuel price scenarios multiplied by the number of demand scenarios. The rates for the 
financial hedging instruments considered in this model are adjusted to the jet fuel price scenarios, so that a 
riskless arbitrage strategy is impossible. Reverse hedging is not allowed, and we, furthermore, integrate a margin 
for the financial instruments to consider costs like transaction costs or margins for contracting parties. Our 
proposed mathematical optimization model is a two-stage stochastic program and is formulated in the following 
way:  
  
Sets and Parameters: 
K   Set of typeclasses 
Tk  Set of types in class k 
T  Set of all types 
F  Set of flights 
S  Scenarioset 
P  Set of paths 
P(f)  Set of paths that use flight f 
Tlt  Set of arcs passing the counting 
 time-line in layer t 
Gt   Set of ground arcs in network  
 layer t 
Nt  Set of nodes in network layer t 
dps  Demand on path p in scenario s 
cft  Costs for flight f with type t, 
 without jet fuel costs 
prp  Sell price for Path p 
 
probs  Probability for scenario s 
ubt  Maximum available aircraft of  
  type t 
mt  Capacity of aircraft type t 
bffn  +1 if flight f ends at node n, -1 if 
   it begins there 
bggn  +1 if ground arc g ends at node  
n, -1 if it begins there 
α   Probability value for the CVaR 
fps  Fuel price in scenario s 
fph  Hedged fuel price 
const  Jet fuel consumption of aircraft  
  type t in liters per km 
distf  Distance of flight f in km 
mar  Margin for hedging in percent
 
Variables: 
yfk  Flight f is flown by typeclass k (binary, stage 1) 
buy_h  Bought fuel in liters to the hedged price (≥0, stage 1) 
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xfts  Flight f is flown by type t in scenario s (binary, stage 2) 
xggs  Flow on ground arc g in scenario s (integer, ≥0, stage 2) 
passps  Passenger flow on path p in scenario s (≥0, stage 2) 
buy_ss  Bought fuel to the non-hedged price in scenario s (stage 2) 
profits  Profit in scenario s (bookkeeping-variable) 
cvar   Conditional Value at Risk (bookkeeping-variable) 
cy0   Auxiliary variable for the dual CVaR-formulation (bookkeeping-variable) 
cys   Auxiliary variables for the dual CVaR-formulation (bookkeeping-variable) 
fuels  Fuel costs in scenario s (bookkeeping-variable) 
 
Objective function: 
s
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The objective function can maximize the expected profit or the Conditional Value at Risk. Constraint (1) 
assigns the typeclass to each flight in stage 1. The second constraint assigns the type to the flights in stage 2 
51 M. Naumann et al. /  Procedia - Social and Behavioral Sciences  54 ( 2012 )  47 – 55 
regarding the typeclass assigned in stage 1. The equation (3) ensures the flow-conservation at each node in the 
network while the inequality (4) implements the maximum number of aircraft of each type. The maximum 
aircraft capacity and the transported passengers are considered in (5) and (6). The fuel purchases and the fuel 
costs are modeled by the constraints (7) and (8), while (9) calculates the profit for the scenarios. Finally, the 
constraints (10) and (11) implement the Conditional Value at Risk. The model was implemented in C# and 
solved as deterministic equivalent with a standard MIP-solver. 
4. Implications of fuel prices on fleet assignment – a study with deterministic optimization  
In this section, we study the impacts of different fuel prices on fleet assignment. For every fuel price scenario, 
we add different demand scenarios. Every scenario is optimized independently in its own optimization model. 
The proposed stochastic re-fleeting model then becomes a deterministic fleet assignment model because only one 
scenario is considered. We study four fuel price scenarios and four demand scenarios resulting in a total number 
of 16 optimization models. The models 1-4, 5-8, 9-12 and 13-16 have the same fuel price, but other demand 
scenarios. The models 1-4 have the lowest fuel price and 13-16 the highest. As solution we have a plan where 
every flight has been assigned exactly one aircraft type. The considered aircraft types are shown in Table 1.  
Table 1. Aircraft types 
Medium-haul types Seats Range Long-haul types Seats Range 
Boeing 737-500 111 2520 Airbus A330 221 10000 
Boeing 737-300 127 2590 Airbus A340-300 221 12700 
Airbus A319 132 3470 Airbus A340-600 306 12200 
Airbus A320 156 3470 Boeing 747 352 12500 
Airbus A321 190 4100 Airbus A380 526 12000 
 
The fuel efficiency, measured as consumption per seatkilometer, for the medium-haul types increases with 
their seat capacity. The order from minimum to maximum efficiency therefore is: Boeing 737-500, Boeing 737-
300, Airbus A319, Airbus A320, and Airbus A321. The long-haul type efficiency ordered from minimum to 
maximum is: Airbus A340-300, Boeing 747, Airbus A330, Airbus A340-600, and Airbus A380. Thus, the 
Boeing 747 as a large aircraft is relatively inefficient. Also the A340-300 consumes more fuel than the A330, 
which has the same seat capacity. First, we show the number of flights and air kilometers (total kilometers flown 
with a type) that are carried out by the different medium-haul aircraft types. 
It can be seen that the smaller less efficient Boeing types (B737-300 and B737-500) carry out less flights in 
higher fuel price scenarios, while the more efficient larger types fly on more flights. Especially the number of 
flights with the most efficient type, the Airbus A321, significantly increases in higher fuel price scenarios. When 
we analyze the air kilometers carried out by each type the results are intensified. Thus, more efficient larger 
types, especially the A321, do not only carry out more flights, they are also used for larger distances. This further 
saves fuel. The A319, as the median in efficiency and seat capacity, can probably increase air kilometers because 
it can replace the less efficient B737-300, which has a very similar seat capacity, very well when fuel prices 
increase. 
By examining the number of flights of the different long-haul types, it can be seen that the less efficient A340-
300 is used on very few flights. In the four scenarios with the highest fuel price it does not even carry out one 
single flight. It can be perfectly replaced by the more efficient A330 with the same seat capacity. Also the less 
efficient Boeing 747 is used for fewer flights in higher fuel price scenarios. The A380, as a very efficient type, is 
used on more flights, and the usage of the A340-600 does not change in higher fuel price scenarios. But why does 
the A330, the median of the long-haul types, carry out fewer flights in higher fuel price scenarios, although it is a 
very good substitute for the less efficient A340-300? This will be explained later. 
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Fig. 1. (a) Flights with medium-haul types; (b) Air kilometers with medium-haul types 
 
 
 
Fig. 2. (a) Flights with long-haul types; (b) Air kilometers with long-haul types 
The view of the air kilometers of the different long-haul types confirms the preliminary results for the B747. It 
also shows that the A340-300 flies very few kilometers. Furthermore, it is remarkable that the A380 dominates 
the other types, although it is used on fewer flights than other types (especially in the scenarios with lower fuel 
prices). Because of the high fuel efficiency of the A380, it is used for more flights in scenarios with high fuel 
prices and for large distances, such as the A321 in the results for the medium-haul types. The same tendency can 
be seen for the A340-600: The air kilometers slightly increase with increasing fuel prices. While the A330 carries 
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out the highest number of flights in most scenarios, it flies only very few kilometers. Thus, it must be used for 
shorter distances. We now show the average distance flown with each type depending on the scenario. 
 
 
Fig. 3. Average distance per flight 
To complete the basic study, we can now explain the significant decrease in flights and seatkilometers of the 
A330. In higher fuel price scenarios, it seems to be replaced by the A321, which is more efficient. The A321 - 
compared to other medium-haul types - has a very high average distance, especially in higher fuel price 
scenarios, while the A330 has a low average distance for a long-haul type decreasing with growing fuel prices. In 
general, the more efficient types are used to fly larger distances in higher fuel price scenarios. We also notice a 
very small decrease in load factors in the highest fuel price scenarios (0%-0.5%). This indicates that for profit-
maximization fuel efficiency becomes more important than load factor maximization in the highest fuel price 
scenarios. The result that the optimal fleet assignment highly depends on the fuel price and the demand scenario 
shows the importance of our proposed model.  
5. Results for stochastic optimization considering risk measures 
With stochastic optimization, we are able to create a pareto-optimal solution set in terms of expected profit 
and CVaR. The different stochastic programming solutions are calculated by restricting the CVaR and optimizing 
expected profit. Note that we only use a part of the network for further calculations because of the increased 
computational complexity and the large number of optimization runs that have to be completed. We now 
compare the pareto-optimal set of stochastic solutions where the fuel purchases are not hedged, partly hedged and 
completely hedged. It can be seen that hedging fuel purchases can improve the CVaR very much. But on the 
other hand the maximum expected profit is decreased because of the hedging premium. Up to now, the 
percentage of hedged fuel is usually planned by airlines’ financial department, which decides independently from 
operational planning. When operational planning wants to restrict the risk measure to a certain level, it takes the 
fuel hedging into account and creates the fleet assignment depending on this data, which leads to the solutions 
presented in Fig. 4. But the different lines that represent the solution sets show that for different risk levels 
different levels of fuel hedging are better. But what is the right combination of hedging and changing the fleet 
assignment to obtain a certain risk level with the maximum expected profit?  
To obtain the optimal combination, an integrated approach is necessary. Fig. 5 shows the solutions of the 
integrated hedging decision compared to the preliminary results. 
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Fig. 4. Solutions sets for different levels of fuel hedging  
 
Fig. 5. Integrated hedging decision 
The result is that the solution set of the integrated approach dominate all the previous solution sets. The 
numerical results indicate that the pareto-optimal solution sets of the non-integrated hedging strategies are nearly 
tangent to the solution set, where the hedging decision is integrated. This shows that the right combination of 
hedging and operational planning has to be met if planning is not integrated. 
But as the integration of financial hedging is possible with a LP-formulation and, therefore, the computational 
complexity is not notably increased, we suggest using this integrated approach for financial and operational risk 
management in re-fleeting. 
6. Conclusion 
A new two-stage stochastic optimization model for re-fleeting under demand and fuel price uncertainty that 
considers financial hedging was presented. We began with a study of the impacts of different fuel price scenarios 
on fleet assignment. The study reveals that higher fuel prices cause significant changes in optimal fleet 
assignment and therefore underlines the need for our proposed model.  
Furthermore, the interdependency of risk management with financial hedging and fleet assignment was 
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examined. It was shown that the usual non-integrated approach of hedging and fleet assignment can produce only 
one combination of risk and expected profit that can compete with the integrated planning approach. As the 
integration does not lead to an increased computational complexity, financial hedging and fleet assignment 
should be integrated to gain the optimal expected profit at different risk levels. 
7. References 
Berge, M. E. & Hopperstad, C. A. (1993). Demand Driven Dispatch: A Method for Dynamic Aircraft Capacity Assignment, Models and 
Algorithms. Operations Research, 41, 153 - 168. 
Birge, J. R. & Louveaux, F. (1997). Introduction to stochastic programming. New York et al.: Springer. 
Chvátal, V. (1983). Linear Programming. New York: W. H. Freeman. 
Fábián, C. (2008). Handling CVaR objectives and constraints in two-stage stochastic models. European Journal of Operational Research, 
191, 888 - 911. 
Gopalan, R. & Talluri, K. T. (1998). Mathematical models in airline schedule planning: A survey. Annals of Operations Research, 76, 155 - 
185. 
Hull, J. C. (2003). Options, Futures & other Derivatives. (5th ed.). New Jersey: Prentice Hall. 
Jarrah, A., Goodstein, J. & Narasimhan, R. (2000). An Efficient Airline Re-Fleeting Model for the Incremental Modification of Planned Fleet 
Assignments. Transportation Science, 34, 349 - 363. 
Kall, P. & Wallace, S. W. (1994). Stochastic Programming. Chichester et al.: Wiley. 
Sherali, H. D., Bish, E. & Zhu, X. (2005). Polyhedral analysis and algorithms for a demand driven re-fleeting model for aircraft assignment. 
Transportation Science, 39, 349 - 366. 
Sherali, H. D., Bish, E. & Zhu, X. (2006). Airline fleet assignment concepts, models, and algorithms. European Journal of Operational 
Research, 172, 1 - 30. 
Sherali, H. D. & Zhu, X. (2008). Two-Stage Fleet Assignment Model Considering Stochastic Demands. Operations Research, 56, 383 - 399. 
Talluri, K. T. (1996). Swapping Applications in a Daily Airline Fleet Assignment. Transportation Science, 30, 237 - 248. 
Triantis, A. J. (2005). Corporate Risk Management: Real Options and Financial Hedging. In M. Frenkel, U. Hommel, M. Rudolf (Eds.), Risk 
Management (pp. 591-608), 2nd ed., Berlin: Springer. 
Warburg, V., Hansen, T., Larsen, A., Norman, H. & Andersson, E. (2008). Dynamic airline scheduling: An analysis of the potentials of 
refleeting and retiming. Journal of Air Transport Management, 14, 163 - 167. 
Wolsey, L. A. (1998). Integer Programming. New York et al: Wiley. 
Zhu, X. (2006). Discrete Two-Stage Stochastic Mixed-Integer Programs with Applications to Airline Fleet Assignment and Workforce 
Planning Problems. Dissertation, Faculty of the Virginia Polytechnic Institute and State University. 
